Abstract. The foliation of a Morse form ω on a closed manifold M is considered. Its maximal components (cylinders formed by compact leaves) form the foliation graph; the cycle rank of this graph is calculated. The number of minimal and maximal components is estimated in terms of characteristics of M and ω. Conditions for the presence of minimal components and homologically non-trivial compact leaves are given in terms of rk ω and Sing ω. The set of the ranks of all forms defining a given foliation without minimal components is described. It is shown that if ω has more centers than conic singularities then b1(M ) = 0 and thus the foliation has no minimal components and homologically non-trivial compact leaves, its folitation graph being a tree.
Introduction and announcement of the results
Consider a connected closed oriented manifold M with a Morse form ω, i.e., a closed 1-form with Morse singularities-locally the differential of a Morse function. The set of its singularities Sing ω is finite. This form defines a foliation F ω on M \ Sing ω. Its leaves γ can be classified into compact, compactifiable (γ ∪ Sing ω is compact), and non-compactifiable.
Such foliations have remarkably regular structure. A connected component C max i
of the union of compact leaves-which we call maximal component-is an open cylinder over any its leaf, whose levels are leaves. In particular, all leaves in a maximal component are diffeomorphic. A connected component C min i
of the union of noncompactifiable leaves is called minimal component . Its topology can be arbitrarily complex-say, such a component can cover the whole M \ Sing ω [1] -but it cannot be too simple: a minimal component contains at least two cycles with noncommensurable integrals [10] . Each non-compactifiable leaf is dense in its minimal component [7] . The boundary of a maximal or minimal component consists of a finite number of non-compact compactifiable leaves γ . This notion has been used for studying foliation structure [2, 6] . Note that unlike [10] , we define the graph on the whole M , including Sing ω.
In this paper, we show (Theorem 2.1) that
m(Γ) = c(ω),
where m(Γ) is the cycle rank of the foliation graph Γ and c(ω) is the number of homologically independent compact leaves of F ω .
The number m(ω) of minimal components is bounded by the first Betti number: 2m(ω) ≤ b 1 (M ) [1, 8] . We obtain a stronger estimate (Theorem 3.1):
and an independent estimate (our main theorem, Theorem 3.2):
where h(M ) is the maximum rank of a subgroup in H 1 (M, Z) with trivial cupproduct [11] . There are practical methods of calculating h(M ) (Remark 3.1).
We also estimate (Theorem 3.3) the total number of components for a singular form:
is the number of maximal components (obviously, for a non-singular form M (ω) + m(ω) = 1 instead). In addition, for a singular form
In addition to the bound for m(ω) + c(ω) above, we present some conditions for m(ω) = 0 and for c(ω) = 0. A foliation having no minimal components is called compactifiable. In [3] we have presented some conditions for compactifiability of the foliation in terms of the structure of ker[ω] ⊆ H 1 (M ), where [ω] is the integration map. Here we consider other characteristics of the form: the form's rk ω def = rk im [ω] and the number of singularities of different indices.
If ω is rational (rk ω ≤ 1) then F ω is compactifiable [13] . We show that the converse is true only in the sense that any compactifiable foliation can be defined by a rational Morse form. Namely, a compactifiable foliation F ω is defined by forms ω with (0 or 1) ≤ rk ω ≤ c(ω) (Theorem 4.1); whether 0 is included depends on the structure of the directed foliation graph [4] . In particular, if rk ω > h(M ) then F ω is not compactifiable. For instance, if rk ω = b 1 (M ) (i.e. maximal) and the cup-product on H 1 (M, Z) is nontrivial then F ω is non-compactifiable (Corollary 4.3). If in addition H 1 (M ) has no torsion and the cup-product is non-degenerate then all compact leaves of F ω are homologically trivial (Proposition 4.1).
No necessary condition for compactifiability of F ω can be obtained in terms of Sing ω: for any foliation there exists a rational Morse form with the same set of singularities of each index [14] . However, Sing ω can give useful information on M . If Sing ω = ∅ then M is a bundle over S 1 [15] , so topology of F ω is defined by rk ω: if rk ω = 1 then F ω is compact (all leaves are compact), otherwise it is minimal. If all singularities are centers then M = S n and F ω is obviously compact. (By centers, called also spherical singularities, we mean those of index 0 or dim M .)
We generalize the latter fact: If there are more centers than conic singularities then (Theorem 4.2) b 1 (M ) = 0; in particular, in this case m(ω) + c(ω) = 0, i.e., F ω is compactifiable, all its leaves are homologically trivial, and its foliation graph is a tree (Theorem 4.3).
The paper is organized as follows. In Section 2 we remind some facts about qualitative structure of a Morse form foliation and give necessary definitions. We introduce minimal and maximal foliation components and describe their properties (Section 2.1). Then we define the foliation graph and calculate its cycle rank (Section 2.2). In Section 3 we give the upper bounds on the number of minimal components (Section 3.1) and on the total number of (minimal and maximal) components of the foliation (Section 3.2). Finally, in Section 4 we give some conditions on the presence of minimal components in terms of the rank of the form (Section 4.1) and the indices of its singularities (Section 4.2).
General structure
The general structure of a Morse form foliation has been studied in [1, 3, 7, 10] .
Note that compact leaves are compactifiable. The set covered by all non-compactifiable leaves is open [7] . A compact leaf γ has an open neighborhood consisting solely of compact leaves [1, 2] : indeed, integrating ω gives f with df = ω near γ; hence the set covered by all compact leaves is also open. The number of non-compact compactifiable leaves γ 0 i is finite since each singularity belongs to the closure of no more than four non-compact compactifiable leaves (see Figure 1 ); thus such leaves are isolated. A component consists entirely of leaves of one type: either non-compactifiable or compact. Components of the former kind are minimal neighborhoods consisting of non-compactifiable leaves; each such leaf is dense in its minimal component [1, 7] : 
Definition 2.2 ([1])). A connected component of the union of all non-compactifiable leaves is called a minimal component of the foliation.
Components of the latter kind are maximal connected sets consisting of compact leaves:
Definition 2.3 ([3]). A connected component of the union of all compact leaves is called a maximal component of the foliation.
A maximal component C of a singular Morse form foliation is cylindrical: C = γ × (0, 1), γ × x ∈ F ω , where γ is any (compact) leaf in C. Note that for a nonsingular form a maximal component-which exists iff ω is rational-is a bundle over S 1 with fiber γ ∈ F ω and covers the whole manifold [15] . While a maximal component is topologically simple, the topology of a minimal component can be arbitrarily complex (e.g., it can cover the whole M \ Sing ω [1] ). Moreover, it cannot be too simple: a minimal component contains at least two (homologically independent in M ) 1-cycles with incommensurable periods [10] .
Thus M can be decomposed into a finite number of non-intersecting pieces interconnected in a way resembling the structure of a simplicial complex: (a) (b) 
Foliation graph.
The configuration formed by the maximal components in the decomposition (2.1) is described by the foliation graph [3] . Rewrite (2.1) as
where P j are connected components of the union P of all non-compact leaves and singularities. Since a maximal component is a cylinder, ∂C 
Number of components
Given a specific M , we can estimate the number of components of Morse form foliations on M . This may give useful information on their structure.
3.1. Number of minimal components. Denote by m(ω) the number of minimal components of F ω . It is known that 2m(ω) ≤ b 1 (M ) [1, 8] . We generalize this estimate:
Proof. Let z 1 , . . . , z c(ω) be 1-cycles dual to homologically independent compact leaves
contains two cycles z i , z i with incommensurable periods [10] . Suppose
Intersecting (2) with [γ k ] gives m k = 0 for all k. Thus for any p we can rewrite (3.1) as
On the one hand, z is induced from C Denote by h(M ) the maximum rank of a subgroup in H 1 (M, Z) with trivial cupproduct [11] . [12] :
Example 3.1. For a connected sum
M = (S 2 × S 1 ) (S 2 × S 1 ),
Remark 3.1. Some methods of calculating h(M ) can be found in
be the Betti numbers and r = rk ker , where is the cup-product on H 1 (M, Z). Then
Theorem 3.2. m(ω) + c(ω) ≤ h(M ).
Proof. (i) Let us show that for a minimal component C min there exist u ∈ H 1 (C min ) and z ∈ H n−1 (C min ) such that their intersection u · z = 0. Indeed, consider the diagram
where C = C min , the lines are exact sequences of pairs, D is the Poincaré isomorphism defined by the cap-product, and homomorphisms ϕ * and ϕ * are induced by the inclusion ϕ : C → C.
Let c ⊂ C be a closed curve such that c ω = 0 and
is of infinite order, it can be viewed as an element of Hom(H n−1 (C), R). So there exists a cycle z ∈ H n−1 (C) such that α(z) = 0. By construction, u · z = 0.
(ii) For each minimal component
Consider a maximal system {γ j } of homologically independent compact leaves. The system {z i } ∪ {[γ j ]} is independent. Indeed, suppose 
is the Poincaré duality, the cup-product is trivial, since all C i and γ j do not intersect.
Example 3.3. For a torus T n , m(ω) + c(ω) ≤ 1. We have all the conclusions of Example 3.1 (with an obvious correction of its last sentence).

Remark 3.2. The bound on m(ω) implied by Theorem 3.1 and its corollary
is independent from the bound implied by Theorem 3.2 and its corollary
as the following examples show. Which one is stronger depends on the structure of the cup-product. (3.3) and (3.4) are equivalent. If n ≥ 4, even the weakened form (3.4) of Theorem 3.2 gives a stronger bound on m(ω) than Theorem 3.1. 
Example 3.4. For a torus, we have h(T
n ) = 1 and b 1 (T n ) = n. For n = 2, 3, boundsExample 3.5. For M = p i=1 (S 2 × S 1 ), p ≥ 2, we have h(M ) = b 1 (M ) = p.
3.2.
Total number of components. Denote by M (ω) the number of maximal components.
Proof. In the foliation graph Γ with M (ω) edges and p vertices,
, which gives (3.5); similarly, Theorem 3.1 gives (3.6).
Example 3.6. For a torus T n and S
The estimates (3.5) and (3.6) are independent; cf. Remark 3.2 and the examples therein.
For a non-singular form, obviously, M (ω) + m(ω) = 1. Note that for such forms, (3.5) does not hold, for instance, on T n and (3.6) does not hold, for instance, on S n × S 1 .
Presence of minimal components and homologically non-trivial leaves
A foliation without minimal components is called compactifiable. We will present some conditions for compactifiability of F ω and the presence of homologically nontrivial leaves in it (i.e., whether the foliation graph is a tree) in terms of rk ω and Sing ω. If ω is rational (rk ω ≤ 1) then F ω is compactifiable, i.e. m(ω) = 0 [13] . We will show that the converse is true in the sense that any compactifiable foliation can be defined by a rational form; more specifically, the ranks of forms defining such a foliation cover a limited range starting from 0 or 1.
Recall that a maximal component C max j is γ j × (0, 1) for some leaf γ j and M (ω) is the number of maximal components. Whether there exists such a form of rank 0 depends on the structure of the directed foliation graph [4] . On the other hand, in any cohomology class with rk ω > 1 there exists a form defining a minimal foliation [1] . What is more: Note that in these conditions, harmonic Morse forms have no compact leaves [2] .
Proof. It is known that
Proof. Suppose for some compact leaf γ it holds [γ] = 0. We can construct a (nonMorse) form ϕ trivial outside a cylindrical neighborhood of γ, in which No necessary condition for compactifiability of F ω can be obtained in terms of Sing ω: for any ω there exists a rational Morse form with the same singularities with their indices [14, 15] ; its foliation is compactifiable. However, Sing ω can define the topology of M . If Sing ω = ∅ then M is a bundle over S 1 [15] . the topology of F ω is defined by rk ω: if rkω = 1 then F ω is compact (all its leaves are compact), otherwise it is minimal.
If Sing ω = ∅ but all its singularities are centers then M = S n and F ω is compact. We will generalize this fact: if there are more centers than conic singularities then b 1 (M ) = 0.
Denote by Ω k = Ω k (ω), k ≤ Indeed, there exists a rational Morse form with the same singularities and indices [14] ; its foliation is compactifiable. Without loss of generality we can assume that each its leaf adjoins at most one singularity [6] . Thus its foliation graph Γ has no vertices P with deg P > 3; the singularity in any vertex with deg P = 3 belongs to Ω 1 , and the set of vertices with deg P = 1 is Ω 0 . 
